ABSTRACT: We prove the Girth Alternative for finitely generated subgroups of P Lo(I). We also prove that a finitely generated subgroup of Homeo(I) which is sufficiently rich with hyperbolic-like elements has infinite girth.
In [Ak2] , we have proved that if a finitely generated group is word hyperbolic, or one-relator, or linear then it is either virtually solvable or has infinite girth. More generally, given a class C of finitely generated groups, we will say that C satisfies Girth Alternative if any group from the class C is either virtually solvable or has infinite girth.
In this note, we will prove that the Girth Alternative holds for subgroups of P L o (I) -the group of orientation preserving piecewise linear homeomorphisms of the closed interval. It is known that any virtually solvable subgroup of P L o (I) is indeed solvable (see [Bl] , Corollary 1.3.) so the Girth Alternative in this case is equivalent to the following Theorem 1. Any finitely generated subgroup of P L o (I) is either solvable or has infinite girth.
It is easy to prove the Girth Alternative for Diff ω (I) -the group of orientation preserving analytic diffeomorphism of I, however, we do not know if the alternative still holds when the regularity is decreased. The following questions are interesting to us: Question 1. Does Girth Alternative hold for subgroups a) of Homeo + (I)? b) of Diff + (I)?
Question 2. Is there a finitely generated subgroup of P L o (I) which is not embeddable into Diff + (I)?
In the proof of Theorem 1, as a crucial tool, we use the result of C.Bleak on the existence of arbitrarily high towers in a non-solvable subgroup of P L o (I) ( [Bl] ). The following notions have been borrowed from [Bl] (we use slightly different terminology; our definition of a tower differs from the one in [Bl] ): Definition 2. An ordered n-tuple (f 1 , . . . , f n ) of elements of P L o (I) is said to form a tower if there exist intervals (a i , b i ), 1 ≤ i ≤ n such that (i) 0 < a 1 < . . . < a n < b n < . . . < b 1 < 1;
(ii) for all i ∈ {1, . . . , n}, f i (a i ) = a i , f (b i ) = b i , and f i has finitely many fixed points in (a i , b i ).
We will denote the tower by T = [(f 1 , . . . , f n ); (a 1 , b 1 ), . . . , (a n , b n )]; n will be called the height of the tower T , and the interval (a i , b i ) will be called the i-th base of the tower.
Definition 3. We will say that a tower
is suitable if for any nonzero integer p and for all 1 ≤ i < j ≤ n, the following two conditions hold
Remark 1. If the n-tuple (f 1 , . . . , f n ) of elements of P L o (I) forms a tower then for sufficiently big q ∈ N, the n-tuple (f q 1 , . . . , f q n ) forms a tower with the same bases which satisfies condition 1) of Definition 3. Also, existence of a suitable tower of arbitrary height in non-solvable subgroups of P L o (I) follows from the existence of the exemplary towers of arbitrary height (see [Bl] for the definition of exemplary towers).
Proof of Theorem 1. For any natural number r, let
where the iterated wreath product is taken r times. The group G r can be defined inductively as G 0 = 1, G i+1 = Z ≀ G i , 0 ≤ i ≤ r − 1. In the wreath product Z ≀ G i , the standard generator of the acting group Z will be denoted by g i+1 . (in [Bl] , the group G r is denoted by W r ).
The following lemma will be useful and follows from the proof of Lemma 2.3. in [Ak1] .
Lemma 1. For all q, k ∈ N, there exist r ∈ N and w 1 , . . . , w k ∈ G r such that there is no relation of length less than q among w 1 , . . . , w k .
Let m be a positive integer, and Γ be a non-solvable group generated by a finite subset S = {γ 1 , . . . , γ s }. Without loss of generality we may assume that supp Γ := ∪ γ∈Γ supp γ = [0, 1].
We will fix the left-invariant Cayley metric on Γ with respect to S and denote it by |.|. Let B m (1) denotes the ball of radius m centered at identity element 1 ∈ Γ, and S m (Γ, S, c) = {γ ∈ B m (1) | γ
Let q = 2m 2 . By Lemma 1, there exists r ∈ N such that in the group G r there exists s elements w 1 , w 2 , . . . , w s such that there is no relation of length less than q among w 1 , . . . , w s . Let g 1 , . . . , g r be the standard generators of G r and let w i = W i (g 1 , . . . , g r ), 1 ≤ i ≤ s where W i is a reduced word in the free group of rank r formally generated by the letters g 1 , . . . , g r .
Since Γ is non-solvable, by Corollary 1.3 and Lemma 2.8. in [Bl] , there exists an ordered (r + 2)-tuple (f 0 , f 1 , . . . , f r , f r+1 ) of elements of Γ which form a suitable tower of height r + 2; moreover, for all δ > 0, there exists a tower (f Then for any ǫ > 0, there exists a suitable tower (f
, for all i ∈ {1, . . . , r + 1}; moreover, we can find ǫ 0 > 0, and a suitable tower (h 1 , . . . , h r , h r+1 ) of elements of Γ with bases (a i , b i ) ⊂ (0, ǫ 0 ), 1 ≤ i ≤ r + 1 such that the following conditions hold:
(ii) for any two distinct c 1 , c 2 ∈ R + , and for all β 1 ∈ S m (Γ, S, c 1 ), β 2 ∈ S m (Γ, S, c 1 ),
(iii) for all c ∈ R + , β 1 , β 2 ∈ S m (Γ, S, c), and for all x ∈ H, β 1 (x) = β 2 (x). [so, in particular, for all β ∈ S m (Γ, S) and for all x ∈ H, β(x) = x];
Then there is no relation of length less than m among the elements of S (m) because if W represents any such word in P L o (I) then for some word U (h 1 , . . . , h r ) and for all x ∈ U (a r+1 , b r+1 ) we have
Remark 2. As a corollary of Theorem 1, we obtain that girth(F ) = ∞. This fact has been proved in [Br1] and in [AST] ; both proofs use different ideas from each other and from the proof of Theorem 1. Theorem 1 also implies that girth(B) = ∞ where B is the Brin group introduced in [Br2] .
GIRTH OF GROUPS WITH HYPERBOLIC-LIKE ELEMENTS
In this section we will present results about the girth of certain subgroups of Homeo(I).
Theorem 2. Let Γ be any finitely generated subgroup of Homeo + (I). Assume that for any N ∈ N, for any sequence 0 < x 1 < x 2 < . . . < x N < 1, and for any ǫ > 0, one can find an element γ ∈ Γ such that F ix(γ) = {0, c 1 , . . . , c N , 1}, and |c i − x i | < ǫ, for all 1 ≤ i ≤ N . Then girth(Γ) = ∞.
Remark 3. As a corollary of Theorem 2, we obtain yet another proof of the fact that girth(F ) = ∞.
Proof of Theorem 2. Let d(Γ) = s, and m be a natural number. We will find d + 1 generators of Γ such that there is no relation of length m or less in Γ in these generators. (since m is arbitary, this proves that girth(Γ) = ∞).
Let S = {X 1 , . . . , X s } be a generating set of Γ, S * = {X 1 , . . . , X s , X 
